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Abstract— In this paper, a bifurcation problem for a solid sphere subjected to uniform tensile dead-
loading p, at its boundary is examined within the framework of finite elastostatics. The sphere is
composed of a particular class of homogeneous isotropic incompressible nonlincarly elastic
materials, namely those of power-law type. One solution to the problem, for all values of po,
corresponds to a homogeneous state in which the sphere remains undeformed while stressed.
However, for sufficicntly large values of p,, there is in addition a second possible configuration
involving an internal traction-free spherical cavity. The dependence on constitutive paramcters of
the critical load at which bifurcation occurs is examined as well as the subsequent void growth. The
stress distribution after cavitation occurs is also described. The results are obtained in closed analytic
form.

f. INTRODUCTION

Void nucleation and growth in solids have been of concern for a long time because of the
fundamental role such phenomena play in fracture and other failure mechanisms. (Scec.g.
Goods and Brown, 1979 for a discussion of cavity nucleation in metals). The phenomenon of
sudden void formation (“cavitation™) has also been observed experimentally in vulcanized
rubber by Gent and Lindley (1958). Sec also Williams and Schapery (1965). Nonlinear
theories of solid mechanics have been used recently to account for such phenomena. The
impetus for much of the recent theoretical developments have been supplied by the work
of Ball (1982). Ball has made an extensive study of a class of bifurcation problems for the
equations of nonlinear elasticity which model the appearance of a cavity in the interior of
an apparently solid homogeneous isotropic elastic body once a critical load has been
attained. An alternative interpretation for such problems in terms of the growth of a
pre-existing micro-void has been given by Horgan and Abeyaratne (1986). Further inves-
tigations of such bifurcation problems have been carried out by Stuart (1985), Podio-
Guidugli et al. (1986), Sivaloganathan (1986a,b), Chunget al. (1987), Antman and Negrén-
Marrero (1987), Pericak-Spector and Spector (1988) and Horgan and Pence (1989a,b,c).
It is worth noting that cavitation can be shown to occur only when finite strain measures
are taken into account (see ¢.g. Horgan and Abeyaratne, 1986; Chung et al., 1987). The
corresponding problems in lincarized elasticity or in the infinitesimal strain thcory of
plasticity do not exhibit such bifurcations.

The purpose of the present paper is to further investigate this bifurcation approach to
void nucleation. We carry out an investigation of the problem of static tensile dead-loading
of a solid sphere composed of a particular class of homogeneous isotropic incompressibie
nonlinearly elastic materials, namely those of power-law type. While some of our results
could be obtained by specializing the work of Ball (1982), it is instructive here to provide
a direct ad hoc treatment.
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In Section 2, we formulate the basic boundary-value problem that arises when a solid
sphere. composed of an incompressible isotropic elastic material, is subjected to a prescribed
uniform radial tensile dead-load p, on its boundary. One solution to this problem, for all
values of p,. corresponds to a trivial homogeneous state in which the sphere remains
undeformed while stressed. However, for sufficiently large values of p,, one has in addition
other possible radially symmetric configurations involving an internal traction-free spherical
cavity. Such solutions have been shown by Ball (1982) to bifurcate from the homogeneous
solution at a critical value of p,. say p.. at which the homogeneous solution becomes
unstable. The possibility for these bifurcated solutions to exist depends on the constitutive
law for the material under consideration.

In Section 3, attention is confined to a particular class of homogeneous isotropic
incompressible elastic materials, namely those of power-law type. Such nonlinearly elastic
materials were first introduced by Ogden (1972) and have been employed in a wide variety
of problems since then (see e.g. Ogden, 1982, 1984). An extensive discussion of the properties
of this class of materials has been provided recently by Zee and Sternberg (1983). Our
interest here is in examining the dependence of the critical loads at which cavitation occurs
on the constitutive parameter n appearing in the definition of this class of materials [see
eqn (47)]. It is found that as the hardening parameter » increases, the critical load p,, at
which bifurcation takes place also increases. The stress distribution in the sphere is also
described. An interesting feature concerning the principal stresses immediately after cavi-
tation is the presence of a boundary layer near the cavity wall.

2. BIFURCATION PROBLEM FOR A SPHERE: FORMULATION AND SOLUTION

2.1. Formulation
We are concerned here with a sphere composed of a homogencous incompressible
isotropic clastic material. Let the undeformed solid sphere be denoted by

Dy={(r.0,4)|0<r<h0<0<2n,0< ¢ <7}

The sphere is subjected to a prescribed uniform radial tensile dead-load of magnitude p,
on its boundary r = b. The resulting deformation is a one-to-one mapping which takes the
point with spherical polar coordinates (r, 0, ¢) in the undeformed region D, to the point
(R, ©, @) in the deformed region D. We assume that the deformation is radially symmetric
so that

R=R(r)>0, 0<r<b; RO+)20, ©@=0, ®d=¢, onD, (1

where R(r) is to be determined.
The spherical polar components of the deformation gradient tensor E associated with
(1) are given by

E = diag (R(»), R()/r. R(r)/r) ()

where the dot denotes differentiation with respect to the argument. The principal stretches
associated with the radially symmetric deformation (1) are

b= R, =iy =0 )

Incompressibility then requires that the Jacobian determinant J = Det E = 1, which
upon integration yields
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R(r) = (P +cH"? )

where ¢ 2 0 is a constant to be determined. If it is found that ¢ = 0, (4) implies that the
body remains a solid sphere in the current configuration. On the other hand, if ¢ is found
to be greater than zero, then R(0+) = ¢ > 0 and so there is a cavity of radius ¢ centered
at the origin in the current configuration. In this event, the cavity surface is assumed to be
traction-free.

The strain-energy density per unit undeformed volume for a homogeneous isotropic
incompressible elastic material is denoted by

I’V= W(ll.;.:.;.:;) (5)

where 4; (i = 1,2,3) are the principal stretches. The function W is invariant with respect to
interchange of the 4; and is taken to satisfy the normalization condition W(1.1.1) =0. In
the sequel. we proceed formally and assume that B possesses sufficient regularity propertics
to permit the subsequent analysis.

The principal components of the Cauchy stress tensor g are given by

N oW ) 6)
i = A — no sumon ¢
T on r ( (

where p is the hydrostatic pressure associated with the incompressibility constraint
iiqviy =1, For the radially symmetric deformation with principal stretches given by (3),
the principal stress components are

ter(r) =0 W (e e 0) = p(r)
N

Taa(r) = tep(r) = vW, (v o, r) —p(r)

where, following Ball (1982), we have introduced the notation

RANIA)
L’=L‘(r)=f~=<l+::3> . 8)

Notice that in (7) we consider t(r) rather than the more conventional t(R). The subscript
notation on W in (7) denotes differentiation with respect to the appropriate argument. In
(7) we have also used Ws(e 2 e.v) = Wy(e 2 v.r), which follows from the invariance of
W with respect to interchange of its three arguments.

The dead-load boundary condition now requires that

3

b 5
Tka(h) = Polik“(i)‘j:] = pole(b)} - 9

where the constant py > 0 is prescribed. We note that the boundary conditions of vanishing
shear tractions are satisfied identically. In addition if ¢ > 0, then the condition for a traction-
free cavity surface

txe(0) =0 (10)

must also hold.
In the absence of body forces. the sphere will be in equilibrium provided that div £ = 0,
which will hold provided that
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Strr

or

R
+2§[Tkx‘fee]=0 (th

holds throughout the sphere.

Thus, the problem to be solved is the following: for a prescribed value of the dead-
load traction p, > 0, we seek a pressure field p(r) and a constant ¢ 2 0 such thar (11) and
(9) are satisfied where tzz. Toe, Too are given by (7) and (8). In addition if ¢ > 0, then (10)
must also be satisfied.

2.2. Solutions
It may be readily shown that one solution to the foregoing problem, for all values of
Do 1S

Py =W (L,1,)=ps, c=0. (12)
This corresponds to the trivial homogeneous state of deformation
RN =r (13)
with corresponding stresses tze = Tog = Toe = Po-
Next we describe solutions for which ¢ > 0, corresponding to the presence of a traction-

free cavity at the origin. For this purpose. we adopt an approach developed by Horgan and
Pence (19894) and rewrite the differential equation (11) in the form

a 2 2 2",_4 3 s
e [v W (e %o, 0)-p(n]+ - [o"" Wi Lo, 0)=e*Walv S0.0)]=0, onO<r<b

(14)
where we have used (7), (8). On integration of (14), we have
p()=p©0) =v *(NW (™20, 0)+2J(r), 0<r<b (15)
where
J(ry = J; (oW (50, 56), )~ W), 008), v(s)}}%‘", O<r<hb.
(16)
On substitution into (7) we obtain
teafr) = —p(0)—2J(r), O<r<b. (n

The traction-free cavity surface condition (10), together with (17) and J(0) = 0, now yiclds
p(0) =0. 18)

Finally the boundary condition (9) at r = b is satisfied if
—2J(h) = polv(b)] . (19)
The condition (19) may be written in a compact fashion on utilizing the change of

variables s — v in the integral (16). From (8) it is seen that this change of variable is one-
to-one and invertible if and only if ¢ > 0. Introducing the function
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W(x) = W(x~%,x,x) (20)
and adopting the notation
W(r)-—d-u‘/ x) 2
1) = G W,

(19) may be written as

PRV W!(U)
= — ———— dv, . 22
Pe (1 * b’) e @ =10 67 0 @

Equation (22) was first established by Ball (1982) for the n-dimensional version of the
problem described here [see eqn (5.18) of Ball (1982)]. Thus, for a given dead-load p,.
solutions involving a traction-free internal cavity of radius ¢ exist provided that ¢ is a positive
root of (22). The associated pressure field is given by

p) = v 3 (W ("% 0,0)+2J(r), O0<r<b. 23)

The critical load p,, at which an internal cavity may be initiated is found by formally
letting c = 0+ in (22), and so

P =r D (24)

v (=1

This result was first established by Ball (1982) in s-dimensions [sce eqn (5.22) of Ball
(1982)].

In summary then, we have seen that for all values of the applied dead-load traction
Po, one obtains the trivial solution (12) corresponding to the homogeneous state of defor-
mation (13). Moreover, if positive roots ¢ of (22) exist, then one obtains the additional
solutions involving a traction-free internal cavity described above. Such solutions have been
shown by Ball (1982} to bifurcate from the trivial solution at the critical value p,, at which
the trivial solution becomes unstable.

2.3. The critical load
Since the integral in (24) is improper, p,, may or may not be finite, and so cavitation
may or may not take place. As regards the lower limit in (24), it is easily shown that

() d*W()
de 7 do?

=12 (25)

where p denotes the shear modulus for infinitesimal deformations of the material. Thus by
I"Hopital's rule, the limit of the integrand in (24) is finite as v —» 1. An analogous issue was
discussed by Horgan and Pence (1989b) in the context of a composite sphere under tensile
dead-loading on its boundary. Consequently the question of whether or not p,, is finite
depends on the behavior of W(v) for large values of stretch v. Sufficient conditions to
guarantee that p., be finite were given by Ball (1982) for both incompressible and com-
pressible materials. Here we provide an ad hoc treatment of this issue. Suppose, for
example, that the strain-energy density per unit undeformed volume for a homogeneous
incompressible isotropic elastic material can be written in the polynomial form

W(v) = ap+a,o+awi+ - +ar” (n>1) (26)

50 that
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W () =a,+2a:t+ - +nat" . )
From (24), (27) we see that p,, will be finite if

n—4

Vi<t

for large ¢. (28)
Thus if
n<3 29

the value of p., given by (24) will be finite.
We now consider some specific examples.

Example 1. The neo-Hookean material. The strain-energy density function for this
material is given by

W(hihndy) = 5 Q3 4ai441=3) Aiddy = | (30)

where 4, 4, 4, are the principal stretches, and g > 0 is the shear modulus for infinitesimal
deformations. By virtue of (3), (8) and (20) we thus have

W) = ’zf(r Y207 =3). (31
Therefore
W(r) — uo®  for large r. (32)
Thus comparing with (26), we get # = 2 and so by (29), the critical load p,, is finite. In fact
Ball (1982) has shown that
Pee = S1/2. (33)

(Sce also Section 3 of the present paper.)

Example 2. The Mooney-Rivlin material. The strain-energy density function for this
material is

o . N { o1 .« ) I 4y R a A
W(Al.f.:./-;)=‘;'—(/-:+As+i.s—3)+5,~(/-r/.5+/.5/.;+/.s/.i—3). Aydrdy =1 (34)

where 4,, 4, and 4; are the principal stretches, and u,, u, arc positive constants. By virtue
of (3). (8), and (20) we thus have

W) =5 @ 42 -3+ B et 20 - 3), (35)
Therefore
- !lzl“
W) - =5 for large . (36)

-

Thus comparing with (26}, we see that n = 4, and so by (29). the critical load p,, is not
finite. Of course, it is well known that the Mooney-Rivlin model is not a very accurate
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constitutive model for large stretches (see, for example, Ogden, 1984, pp. 492-493 for a
discussion of biaxial deformation of a rectangular sheet).

Example 3. The Rivlin-Saunders material. Experimental work of Rivlin and Saunders
(1951) suggests consideration of a strain-energy density function of the form

P

Wi(ky,hadg) = %(23+}.§+/.3-3)+f(zf»‘.§+/‘.§A§+i,§/‘.f—3). idaiy=1 (37)

where f is. as yet. an unspecified function, with £(0) = 0 and y, is a positive constant. By
virtue of (3). (8) and (20} we thus have

W) = 'HT‘ (07 202 =3+ f(t* +2072=3). (38)
In what follows, we discuss two special forms of (38).

(i) W) = ‘ff;i(p"‘+2v=—3)+ % @' +2072=37 a>0. x>0 39
Clearly the special case o = | corresponds to the Mooney-Rivlin material (34) considered
in Example 2 above, We sce that if 4a > 2 (2 > 1/2),

’443

W(v) — {1—;2{» for large v. {40}

On comparing with (26), we have n = 44, and so by (29) to ensurc that p is finite, we
require that 4o < 3, i.c. a < 3/4, and so p,, is finite for the material (39) if

lca<i. “n
Forx < 1/2,
W(v) — u0*  for large v (42)

and so p,. is again finite on comparing with (26) and (29). In summary thea, for the material
(39), p.. is finite if

O<a<i. (43)

We remark that the commonly used version of (39) with a2 = 2 does not yield a finite
value of p,. [t is of interest to observe here that Simmonds (1989) has recently shown that
a circular rubber-like plate composed of the material (39) suffers a finite deflection under a
concentrated vertical load at its center only if 2 > 1. For a membrane it is shown by Fulton
and Simmonds (1986) that the corresponding result holds only if @ > 2. See also the
discussion on pp. 281 and 282 of the book by Libai and Simmonds (1988).

(ii) Another special form of (37) has been considered by Gent and Thomas (1958). in
which f is taken to be the logarithm function. Thus we have

W) = e 2=+ "—2— In (' +20°%=2), py>0 (44)

50 that
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- "y uy 4ri-4p-?
W.(t) = —(~ 3 4r ———
() =S (=0T + 5 s (45)
Thus
W\ (v) = 2u,v for large v (46)

and so from (24) we see that the critical load p,, is finite for the material (44).

3. SOLUTIONS FOR A CLASS OF INCOMPRESSIBLE ELASTIC MATERIALS

3.1. A class of incompressible elastic materials

We now consider a particular constitutive law, namely that of power-law type, and
provide an explicit solution for the bifurcation problem discussed generally in Section 2.
Thus consider

W(l,.l:.i.;)=§;(if"+l‘§"+l§"—3). =i, u>0, n>0 (47

where 4,, 4,, 4, are the principal stretches, and the constants u. n are constitutive parameters.
Constitutive models of the form (47) were first introduced by Ogden (1972) and have been
widely investigated since then (see e.g. Ogden, 1982, 1984). The constant u in {47) is the
shear modulus for infinitesimal deformations and n is the hardening exponent. The special
case when 7 = | in (47) corresponds to the neo-Hookean material.

We recall from Section 2 that the critical load p, is given by (24), i.e.

[ e
P = J; (;)“__ l) dv (48)

where the notation (20), (21) is used. Expressed in the notation of (20). the strain-energy
densily (47) can be written in polynomial form as

W) = 2‘; " +207=3), u>0, n>0. (49)

To ensure the existence of p,,. we recall from (29) that 2# should be less than 3, i.c.
n<i (50)

It is of interest to observe that a restriction similar to (50) also arises in the work of
Carroll (1987) concerned with the problem of inflation of a hollow sphere composed of the
material (47).

The response of the material described by (47) to certain basic pure homogeneous
deformations will now be discussed. A recent investigation of these issues was carried out
by Zee and Sternberg (1983). and we now summarize their results which are relevant to
our problem here. The pure homogencous deformations considered are as follows:

(i) wuniaxial stress )
Ty = Thy = O, T_U(}.) = [l(}.z"'—;.”').. ).] = l, ;-| = ;..2 = A..“”:

(il) equibiaxial stress
T3 =0, t2(d) = p(A"— A7), Ay =y = 4, A3 = 47

, -G

(il)) pure shear
Ty = 0., T“(;.) = “(AZ:!_A—Z")‘ }-; = ).;1 = 42., 413 = 1.

o

The normal stresses 1,,(4), t;2(4), as well as t3;(4), for each of the pure homogeneous
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Ty (N)

Fig. 1. Behavior of the power-law material under uniaxial stress.

deformations (51), arc monotonic increasing functions of 4 for 0 < 4 < 0. The stress-
stretch relation (51) appropriate to (i) (uniaxial stress) is plotted in Fig. | for the values of
the exponent n given by n = 5/4, 1, 3/4, 1/2, and 1/4 (cf. Fig. 3 of Zee and Sternberg, 1983).
Note that the material hardens as # increases. The graphs of 7,5(4) and 1, ,(4), corresponding
to the cases (ii) and (iii), are qualitatively similar to Fig. 1.

Itis ol interest to remark on the character of the system of governing partial differential
cquations, namely the displacement equations of equilibrium

CoulBtiy—pFii' =0, J=detE=1 (52)
where C,(F) are the components of the fourth-order tensor defined by

*W(F)

Cii(E) = Cuiy(E) = m

(53)

Necessary and sufficient conditions for ellipticity of the system of equations (52), (53) have
been obtained by Zee and Sternberg (1983). For the special case of the material (47), these
conditions are particularly simple. Thus from the results of Zee and Sternberg (1983, p.
85), ellipticity holds for the material (47) at all deformations if

nzi. (59)

In what follows, we assume that (54) holds, and so recalling (50}, we thus have

3

<n<i. (5)

3.2. Cavitation solutions

Consider a quasi-static loading process in which the solid sphere is subjected to a dead-
load p, that increases slowly from zero. Cavity formation and growth is described by the
relationship py = po{c) given in (22).
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-

For the material described by (47) [recalling the notation (3). (8)] we have 4, = ¢~2,
4; = Ay = r and so the first derivative with respect to 4, is 0, i.e. W.(¢ ™", r.¢) = 0, and the
first derivative with respect to 4, is given by

W @ % ee)=ule " —r"), Ign<d, (56)
On using the notation (20). (21) we obtain from (49)
W) =2p@>'—c Y, dgn<td (57
and so
ﬁf?= ”%l{i%” l<n<i. (58)

When the relationship (22) between the applied pressure py and deformed cavity radius
¢ is specialized to the particular strain-energy function (47) [and (58) is used], one obtains

NYY o t,.’.n-l__v~4n~!
L .

Ertehatn!?

Before proceeding with an analysis of the relationship (59), it is convenient to record here
corresponding expressions for the stresses subsequent to cavitation given by (7). On using
(17), (18), (20), 21) we find

mm=f L (60)
{

feiehrpt? e'—1
while from (7) we obtain
Too = Top = UW:(L"z,v, )= (07 R )+ Taplr). (61)

On using Ws(r "%, 0,0) = 0, (56) and (58) we obtain

E4 v!n-—l__v-vin—-I
ter(r) = 21 ————dr, lgn<i (62)
Ct 4 (et ipy D v’ -1
and
Toe = Top = Tnx(f)*ﬂ{l'—""(’) "U:"(")] (63)

where we recall from (8) that (r) = (1 +(c*/r) "2

We confine attention to the range of values of n in (55), namely 1/2 £ n < 3/2. For
specific values of # in this range, namely n = 1/2, 3/4, 1, 5/4, the integrals in (59) and (62)
may be evaluated explicitly. The relevant integrals can be evaluated by using results of Ryshik
and Gradstein (1963). We assemble these integrals in the Appendix. The corresponding
expressions occurring in (59) then become

n=14: py=np (64)
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SV, 140+ 1( c’)"'
-’-"(”?) [3'“—1+975*f”+§ +5

1 CS;bS
+3ln (1+c’/b’)“2-1] (65)

X
i
i
o)
<
i

n = 1: (neo-Hookean material)

S\ ¥[5+4c b
pren{i ) o)

2
f

¢ 4 (1+c°/6%) 5 -1
o=u{1+ ) {573"“““ [mrﬁ}
16 3|/6 RANFR)
~+~;—ln l+(l+ )] l [ (l ) ( Zs)]
( 6

)l ( 3)‘“ ——‘—arct*m 2+ -
J3 J3

3)‘/3 ( )2“] | 201+ /by +1
5 \/ﬁgarct‘m 73

+ .I‘(g.{,.f.}.)_m_*.i(; +£-)‘)-3f3_ ..L etan J}(I-f—c’/b’)"’}
AUES ASY 3 E Y™

Equations (64)-(67) provide a relationship p, = po(c) between the dimensionless
applied dead-toad py/p and the dimensionless cavity radius ¢/b. The critical load p,, is the
value at which the curve py = p,{c) bifurcates from the straight line ¢ = 0 corresponding
to the trivial homogeneous solution. On letting ¢ — 0+ in (64)—(67) and applying 'Hopital’s
rule where appropriate, the critical load p,, is tabulated below.

n: 172 34 l 5/4
Per: m 1.5909u 2.5n 4.7426u

ﬁ

I

+-In H-

+

Q’}ﬂ
+

o

—--l—ln l+(l+

Q‘

(67)

As one might expect, the values of p,, increase as the hardening parameter n increases. The
graphs of p,(c) according to (64)-(67) are shown in Fig. 2. From Fig. 2 {and (64)], it is
clear that the case n = 1/2 is special. We recall from (54) that this is the limiting value of n
for which ellipticity holds.

The corresponding principal stresses, given by (62), (63), are

e

CJ —-2/3
Tan(r) = u(l + ;—,») (68)

N3
Teo(r) = Too(r) = u(l + f—,) (69

1 1+ +3r) ( cl)-' 1 e
tar(r) = 2#[3 In W + ‘3' 1+ ) + 3' In m (70)
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Fig. 2. Variation of the deformed cavity radius ¢ with applied dead load p, for a power-law material
with strain energy density given by (47).

2 L+ PN
Tau(r) = Teo(r) = ll[i In -«———1—;737;—)—_ - .3. | + ~

2 e 3\
3 e (14 5)
n=1
YV g PSS
(18] (3] ]
C’ - 4/3 (.'3 23
Teo(r) = too(r) = Tre(r)—p| | 14+ -1+ =
r r
n=3:

| [(x +c )V~ ]
33 3 1+ =1
| 1/6 I\i/6 I\
+§!n l+(l ) }——In [l (H»%) +(I+§-}) ]

A\ 3\ 336 _
+lln l+ 14 ) ( ;‘__) ]u-l-arctanz(l-*'c/r)

V3 V3
1 /3 IN23 37,3\ 1/6
“"l“ (H'c) (|+c;) ]“‘”l-*arclan 20 tejr) +1
6 | r’ r V3 V3
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0 0.2 0.4 0.6 08 1

r

w————

b

Fig. 3. Variation of the radial stress 1,.(r) with undeformed radius r subsequent to cavitation for
a power-law material (47) with n = 5/4.

N -573 N6
toall) = teolr) = t,m(r)—,u[(l + %) —(l + ;—5> :] (as)

Graphs of 144(r), tee(r) and tee(r) for n = 5/4, are shown in Figs 3, 4. (The cor-
responding graphs forn = 1, 3/4 are qualitatively similar.) An interesting feature concerning
these stresses immediately after cavitation is the presence of a boundary layer near the

Fig. 4. Variation of the stresses toa(r). Tee{7) with undeformed radius r subsequent to cavitation
for a power-law material (47) with n = 5/4,



1252 M.-S. CHou-WanG and C. O. HorGgaN

cavity wall. To see this, we have plotted the stresses in Figs 3, 4 for applied dead loads p,
slightly larger than p.. A similar boundary-layer phenomenon was observed by Horgan
and Pence (1989b,c) for the problem of tensile dead-loading of a composite sphere composed
of two neo-Hookean materials. The implications of these boundary-layers in the stresses
are currently under investigation.
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APPENDIX: VERIFICATION OF (64)-(67) AND (68), (70), (72). (74)

Here we present the details of the derivation of eqns (64)—~(67) and (68), (70). (72), (74). We first treat the
indefinite integral which is needed to evaluate both (59) and (62). (Constants of integration will not be written
down.)
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el —dae |
Isjl————b—————dv. <n<l Al

o

rom

v’ -1

It is convenient to record here the values of 27— and —4n—1 corresponding to n = /2, 3.4, 1, 54,
respectively. The integral (A1) will be decomposed into the two parts involving these exponents.

n: 12 3/4 i 5/4
n-1: 0 1,2 1 32
—-dn-1: -3 - -3 -6
(i) Evaluation of | forn = 12
Whenn = 1/2,
{—g? et - 1) 4 1 ,
I"jz.:~| d"“J- 1 L dl-”it'—:' (A2)

On using (A2), the definite integrals in (59), (62) are immediately evaluated to yield the desired expressions (64},
{68).

(it) Evaluation of | for n = 3/4
First. we record here the indefinite integrals {2.128) of Ryshik and Gradstein (1963),

. b +k ~4 .
J‘mz 1 _hI+k )J‘ldl oy (A3

FE T T k- Dar T atk—1y o227

where 2, = a+be', a #0, b and I > 0 are constants.
When n = 3/4, from (A1) we see that

J de
U N AU R 2 S 4
! _[(r‘—!)dl riet=1) h=t: (A4
Toevaluate F, weuse (AN withk =4, a= =1, A= 11=1, and get
de | de
I:= L‘*(;,J’:i; =3 L:(',; Iy (A3)

The second integral of (AS) is cvaluated as follows:

de _f ovide [ (v CAUNTUNE SR ST BN
J\v(v‘—l)“_"v‘(v‘-—l)““ (rj)dn-o-j.(r,_l)dv-——3lnv +3ln(v =)= va'—l (A6)

and so, lrom (AS5), we have

I { Tk
1:-;:;-{-51!103_1 (A7)
In order to evaluate 7, in (Ad) we use a change of variables, ie. r = v*3, and so
Jede F23dr U -1 1 0¥
d jt”~l- i Ly e e A%

Thus on combining (A7) and (A8} in (A4) we obtain an expression for 7. The definite integrals in (59) and (62)
are then immediately evaluated to yield the desired expressions (65) and (70).

(iit) Evatuation of 1 forn = |
Whenn = |,

p~p"? v et -1} s,y
I-J'v"—-l dx—-J- P dt—J-z @+ dv

1 I
=l td e dp = — © e e
—-'[(l +07 %) de P (A9)

On using (A9), the definite integrals in (59}, (62) are immediately evaluated to yield the desired expressions (66),
{712).
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{iv) Evaluation of | for a = 5/4
Whenn = 5.4,

l=jvJvdv_J‘ dv -1-1, (A10)

v =1 o —1)

To evaluate I, we use (A3) withk =6, a= ~1,b= 1,1 =1, to get

I.=—l—+j‘-~———~dv . (AlD

50 JeMeP-1)

The integral in (A11) is evaluated by using (A3) withk =3,a= —-1,b=1.1= [, to get

de I dv
& >
J -1 207 +J- ot Al

The last integral in (A12) can be evaluated using standard integral tables. For example (2.143) of Ryshik and
Gradstein (1963) gives

dv I, (d+v+03)"r 1 J3e
J‘I}’-—lv --jln——‘-;—_——l——-———ﬁarcmnm (Al})
Thus. on using (A13). (A12), (All), we obtain
1 I, (l+o+0?)? i
i, —§;+§;?‘§la —-———-——v_l —ji‘m.mn 2:—{; (Al4)

In order to evaluate /,, we use a change of variable, i.e. r = ¢"7, to get

v\/v dv rt dr rdr rdr
h= ‘L-i FET fr—l' (Al3)

By using (2.145.3) and (2.145.7) of Ryshik and Gradstein (1963), we have

2 Y -
1, = - ! In (I+Jv) arctan Vel
6 l~\/u+v JJ V3
-1)? 2
E in Sl/._v__}_)._ + ._L arctan l‘/_‘ii'_l (A16)
6 1+ Jo+r /3 J3

‘Thus on combining (A[4) and (A16), we obtain an expression for [ from (A10). The definite integrals in (59) and
(62) are then readily evaluated to obtain the desired expressions (67) and (74).



